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MAGNETIC DIRAC-HARMONIC MAPS
VOLKER BRANDING
Abstract. We study a functional, whose critical points couple Dirac-
harmonic maps from surfaces with a two form. The critical points can
be interpreted as coupling the prescribed mean curvature equation to
spinor fields. On the other hand, this functional also arises as part of
the supersymmetric sigma model in theoretical physics. In two dimen-
sions it is conformally invariant. We call critical points of this functional
magnetic Dirac-harmonic maps. We study geometric and analytic prop-
erties of magnetic Dirac-harmonic maps including their regularity and
the removal of isolated singularities.
1. Introduction
Dirac-harmonic maps from Riemannian surfaces to a Riemannian manifold
form a geometric variational problem with rich structure. They are critical
points of an energy functional that couples the equation for harmonic maps
to spinor fields. Thus, a Dirac-harmonic map is given by a pair (φ,ψ), where
φ : M → N is a map and ψ a vector spinor. For the case of a two-dimensional
domain, Dirac-harmonic maps belong to the class of conformally invariant
variational problems. Due to their conformal invariance Dirac-harmonic
maps from surfaces share special properties and many substantial results
have already been established. They were introduced in [8] together with
a removable singularity theorem. The regularity of Dirac-harmonic maps
from surfaces was first established for spherical targets [7], which could be
generalized to Dirac-harmonic maps to hypersurfaces [28]. The regularity in
full generality was analysed in [25] and extended recently in [23].
The energy identity for Dirac-harmonic maps from surfaces has been ob-
tained in [27].
Despite the fact that the analytical aspects of Dirac-harmonic maps are
well understood at present, the existence question is still not answered in
full detail yet. Using index-theoretical methods, Dirac-harmonic maps have
been constructed in [2]. These are uncoupled in the sense that for a given
harmonic map φ0, a spinor ψ is constructed such that the pair (φ0, ψ) is a
Dirac-harmonic map. A heat flow approach for Dirac-harmonic maps was
recently studied in [4]. An existence result for the boundary value problem
for Dirac-harmonic maps was obtained in [10].
In this article we consider Dirac-harmonic maps coupled to a certain poten-
tial, which involves a two-form on the target manifold N . The potential we
study is special in the sense that it does not break the conformal invariance.
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In the physical literature this potential can be interpreted as coupling the
supersymmetric sigma model to a magnetic field. On the other hand in
physics this extra part in the action is needed for the sake of anomaly can-
cellation. More on the physical background of the model we study can be
found in [16] and [1]. Our aim in this article is to show that this extension of
Dirac-harmonic maps still has the many nice properties that Dirac-harmonic
maps have.
Let us now describe the problem in more detail. For a map φ : M → N we
may study its differential dφ ∈ Γ(T ∗M ⊗ φ−1TN), integrating the square of
its norm leads to the usual harmonic energy.
We assume that (M,h) is a closed Riemannian spin surface with spinor bun-
dle ΣM , for more details about spin geometry see the book [18]. Moreover,
let N be another closed Riemannian manifold of dimension n = dimN ≥ 3.
Together with the pullback bundle φ−1TN we can consider the twisted bun-
dle ΣM⊗φ−1TN . The induced connection on this bundle will be denoted by
∇˜. Sections ψ ∈ Γ(ΣM⊗φ−1TN) in this bundle are called vector spinors and
the natural operator acting on them is the twisted Dirac operator, denoted
by /D. It is an elliptic, first order operator, which is self-adjoint with re-
spect to the L2-norm. More precisely, the twisted Dirac operator is given by
/D = eα · ∇˜eα, where {eα} is an orthonormal basis of TM and · denotes Clif-
ford multiplication. We are using the Einstein summation convention, that
is we sum over repeated indices. Clifford multiplication is skew-symmetric,
namely
〈χ,X · ξ〉ΣM = −〈X · χ, ξ〉ΣM
for all χ, ξ ∈ Γ(ΣM) and all X ∈ TM . Moreover, we use Greek letters for
indices onM and Latin letters for indices on N . In terms of local coordinates
the spinor ψ can be written as ψ = ψi ⊗ ∂
∂yi
, and thus the twisted Dirac
operator /D is locally given by
/Dψ =
(
/∂ψi + Γijk∇φj · ψk
)⊗ ∂
∂yi
.
Here, /∂ : Γ(ΣM) → Γ(ΣM) denotes the usual Dirac operator and yi are
local coordinates on N .
Let B be a two-form on the manifold N , which we pullback by the map
φ. We now may state the central object of this article, which is the energy
functional
EB(φ,ψ) =
1
2
∫
M
(|dφ|2 + 〈ψ, /Dψ〉+ 2φ−1B). (1.1)
Regarding the first term, the scalar product is taken with respect to the
metric on the bundle T ∗M ⊗ φ−1TN , whereas in the second term we use
the metric on ΣM ⊗ φ−1TN .
In local coordinates the energy functional acquires the form
EB(φ,ψ) =
1
2
∫
M
hαβgij
∂φi
∂xα
∂φj
∂xβ
+ gij〈ψi, ( /Dψ)j〉+ εαβBij ∂φ
i
∂xα
∂φj
∂xβ
, (1.2)
where hαβ denotes the Riemannian metric on M and g
ij the Riemannian
metric on N . Moreover, εαβ is the antisymmetric tensor in two dimensions
and xα are coordinates on M .
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To state the critical points of the energy functional (1.1), we need the fol-
lowing definition. Let Z ∈ Γ(Hom(Λ2TN, TN)) ∼= Γ(Λ2T ∗N ⊗ TN) be a
tensor field satisfying
Ω := g(·, Z(·)) (1.3)
with a three-form Ω.
The critical points of the energy functional (1.1) are given by
τ(φ) = R(φ,ψ) + Z((dφ)2(vol♯h)), (1.4)
/Dψ = 0, (1.5)
where τ is the tension field of the map φ and (dφ)2(vol♯h) is defined in terms
of an orthonormal basis {e1, e2} ofM by (dφ)2(vol♯h) := dφ(e1)∧dφ(e2). The
quantity Z is the vector bundle homomorphism defined via the three-form
Ω = dB just above and the curvature term R(φ,ψ) is given by
R(φ,ψ) = 1
2
RN (eα · ψ,ψ)dφ(eα),
where RN denotes the Riemann curvature tensor on N .
We call solutions (φ,ψ) of (1.4) and (1.5) magnetic Dirac-harmonic maps.
This paper is organized as follows: In Section 2 we derive the Euler-Lagrange
equations of (1.1) and discuss their various limits. In Section 3 we introduce
the energy-momentum tensor of the energy functional (1.1) and study the
associated holomorphic differential. Section 4 then establishes the regular-
ity of magnetic Dirac harmonic maps and finally we prove the removable
singularity theorem.
In order to prove our results, we make use of the analytical tools for Dirac-
harmonic maps provided in [8] and [7]. Since magnetic Dirac-harmonic
maps have the same analytic structure as Dirac-harmonic maps, many of
the known results can be generalized easily.
2. Magnetic Dirac-harmonic maps
In this section we derive the critical points of the energy functional (1.1),
analyze its limits and its connection to the literature. We will always assume
that we have fixed a spin structure on the surface M .
Proposition 2.1 (First Variation). Let (M,h) be a closed Riemannian spin
surface and (N, g) a closed Riemannian manifold. Then the critical points
of the energy functional (1.1) are given by
τ(φ) = R(φ,ψ) + Z((dφ)2(vol♯h)), (2.1)
/Dψ = 0 (2.2)
with R(φ,ψ), Z((dφ)2(vol♯h)) ∈ Γ(φ−1TN) as defined in the introduction.
Proof. We choose a local orthonormal basis {eα} onM such that [eα, ∂t] = 0
and also ∇∂teα = 0 at a considered point. We start by deriving the Euler-
Lagrange equation for the spinor ψ. Therefore, we consider a variation of ψ
with φ fixed and ∇˜ψt
∂t
∣∣
t=0
= χ. We find
δ
δψ
EB(φ,ψt) =
1
2
∫
M
(〈χ, /Dψ〉+ 〈ψ, /Dχ〉)dM =
∫
M
〈χ, /Dψ〉dM.
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To derive the Euler-Lagrange equation for φ, consider a family of smooth
variations of φ satisfying ∂φt
∂t
∣∣
t=0
= η, while keeping the ψi in ψ(x) = ψi(x)⊗
∂
∂yi
(φt(x)) fixed. The variation with respect to φ of the following terms has
already been computed in [8], p. 413, Prop. 2.1.:
δ
δφ
1
2
∫
M
|dφt|2dM = −
∫
M
〈τ(φ), η〉dM,
δ
δφ
1
2
∫
M
〈ψ, /Dψ〉dM =
∫
M
(〈∇ψ
∂t
, /Dψ〉 + 〈R(φ,ψ), η〉)dM.
The first variation of the action involving the two-form B leads to
δ
δφ
∫
M
φ−1t B =
∫
M
〈Ω(η, (dφ)2(vol♯h))〉dM,
where Ω = dB is a three-form on N . A detailed derivation of this formula
can be found in [17], Chapter 2. As already explained in the introduction, we
associate to a 3-form Ω ∈ Γ(Λ3T ∗N) a smooth section of Hom(Λ2TN, TN)
via the vector bundle homomorphism Z : Λ2TN → TN defined by the
equation
〈η, Z(ξ1 ∧ ξ2)〉 = Ω(η, ξ1, ξ2) (2.3)
for all η, ξ1, ξ2 ∈ TN . Adding up the different contributions, we get
δ
δφ
EB(φt, ψ) =
∫
M
(〈−τ(φ) +R(φ,ψ) + Z((dφ)2(vol♯h)), η〉
+ 〈 /Dψ, ∇ψ
∂t
∣∣
t=0
〉)dM.
Using the Euler-Lagrange equation for ψ, which was deduced before, the
result follows. 
Remark 2.2. In principle, it is also possible to study the energy functional
(1.1) for higher dimensional M , that is for m = dimM ≥ 3. In this case,
one would consider the pullback of an m-form on N in the energy functional
and the Euler-Lagrange equation for the map φ would read
τ(φ) = R(φ,ψ) + Z((dφ)m(vol♯h)).
For a derivation, see again [17], Chapter 2. The non-linearity on the right
hand side is even worse than the non-linearity in the harmonic map equa-
tion. Thus, from an analytical point of view, one cannot expect to get a
manageable problem. This is in contrast to Dirac-harmonic maps, which
form a reasonable problem in every dimension.
It is obvious that there exist several trivial solutions of (2.1) and (2.2). This
includes harmonic maps (for ψ = 0 and B = 0), harmonic spinors (for φ = 0)
and Dirac-harmonic maps (for B = 0).
Remark 2.3. The two form contribution in the energy functional can be
formulated abstractly in terms of bundle gerbes and surfaces holonomy. Ig-
noring the spinor ψ for the moment, one studies the U(1)-valued functional
eiE[φ] = eiEh(φ)HolG(φ) with Eh(φ) =
1
2
∫
M
|dφ|2dM,
which is called Wess-Zumino term. For more details in this direction, see
[24] and [12].
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Example 2.4. Assume that N = R3 and denote 2dB = H(y)dy1dy2dy3.
Then the Euler-Lagrange equations (2.1) and (2.2) acquire the form
∆φ = 2H(φ)∂x1φ ∧ ∂x2φ,
/∂ψi = 0, i = 1, 2, 3.
Hence, for the map φ we obtain the so called H-surface system, whereas the
equation for ψ reduces to the equation for harmonic spinors on the surface
M .
If the curvature of the target manifold N does not vanish and the map
φ : M → N is an isometric embedding, then equations (2.1) and (2.2) natu-
rally couple the prescribed mean curvature equation to spinor fields.
Example 2.5. If both M and N are Riemann surfaces, the magnetic term
Z((dφ)2(vol♯h)) vanishes due to dimensional reasons. In this case the Euler-
Lagrange equations (2.1) and (2.2) reduce to the ones for Dirac-harmonic
maps.
Remark 2.6. As already stated in the introduction, the study of the func-
tional (1.1) is motivated from what physicists call the supersymmetric sigma
model in two dimensions. In physics this model is usually formulated in
terms of superfields. If one expands these into component fields one finds
even more contributions that can be coupled to Dirac-harmonic maps.
One of these terms is given by∫
M
〈RN (φ)(ψ,ψ)ψ,ψ)〉dM
and it also respects the conformal invariance. Dirac-harmonic maps coupled
to this term (called Dirac-harmonic maps with curvature term) are studied
in [5].
In [26] the authors couple Dirac-harmonic maps to a Ricci type potential∫
M
Rij(φ)〈ψi, ψj〉dM
and establish the regularity of the critical points.
3. Geometric aspects of magnetic Dirac-harmonic maps
In this section we will study some geometric properties of magnetic Dirac-
harmonic maps. First of all, we analyze the conformal invariance of the
energy functional (1.1).
Lemma 3.1. The energy functional EB(φ,ψ) is conformally invariant.
Proof. It is well known that all three contributions in (1.1) are invariant
under conformal transformations of the metric on M . For more details, see
[8], Lemma 3.1 and [14]. 
For both harmonic maps/Dirac-harmonic maps from surfaces, there exists a
holomorphic quadratic differential, the so-called Hopf differential. We want
to find an analogue for magnetic Dirac-harmonic maps.
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Thus, let (φ,ψ) be a magnetic Dirac-harmonic map. On a small domain M˜
of M we choose a local isothermal parameter z = x+ iy and set
T (z)dz2 = (|φx|2 − |φy|2 − 2i〈φx, φy〉+ 〈ψ, ∂x · ∇˜∂xψ〉 − i〈ψ, ∂x · ∇˜∂yψ〉)dz2
(3.1)
with ∂x =
∂
∂x
and ∂y =
∂
∂y
.
Definition 3.2. We define a two-tensor by
Tαβ := 2〈dφ(eα), dφ(eβ)〉 − δαβ |dφ|2 + 〈ψ, eα · ∇˜eβψ〉. (3.2)
The tensor Tαβ is called the energy-momentum tensor.
It is easy to see that Tαβ is symmetric and traceless, when (φ,ψ) is a mag-
netic Dirac-harmonic map.
Remark 3.3. Note that the energy-momentum tensor Tαβ for magnetic
Dirac-harmonic maps is the same as the energy-momentum tensor for Dirac-
harmonic maps. This is not surprising since the energy-momentum tensor
is calculated by varying the action functional with respect to the metric h on
M . Since the pullback of the two-form B does not depend on the metric on
M we do not get a new contribution.
Lemma 3.4. Let (φ,ψ) ∈ C2(M,N)×C2(M,ΣM ⊗ φ−1TN) be a solution
of (2.1) and (2.2). Then the energy-momentum tensor (3.2) is covariantly
conserved, that is
∇eαTαβ = 0.
Proof. We choose a local orthonormal basis {eα} onM such that [eα, eβ ] = 0
and also ∇eαeβ = 0 at a considered point. Set
Cαβ := 2〈dφ(eα), dφ(eβ)〉 − δαβ |dφ|2, Dαβ := 〈ψ, eα · ∇˜eβψ〉.
First, we compute
∇eαCαβ = 2〈τ(φ), dφ(eβ)〉
= 2〈R(φ,ψ), dφ(eβ )〉+ 〈Z((dφ)2(vol♯h)), dφ(eβ)〉︸ ︷︷ ︸
=Ω(dφ(e1),dφ(e2),dφ(eβ))=0
= 2〈R(φ,ψ), dφ(eβ )〉.
On the other hand, we find
∇eαDαβ = ∇eα〈ψ, eα · ∇˜eβψ〉
= 〈∇˜eαψ, eα · ∇˜eβψ〉+ 〈ψ, /D∇˜eβψ〉
= −〈 /Dψ, ∇˜eβψ〉+ 〈ψ, /D∇˜eβψ〉
= 〈ψ, /D∇˜eβψ〉,
where we used that ψ is a solution of (2.2). The curvature tensor on the
twisted bundle ΣM ⊗ φ−1TN can be decomposed as
R˜(eα, eβ) = R
ΣM (eα, eβ)⊗ 1φ−1TN + 1ΣM ⊗RN (dφ(eα), dφ(eβ)).
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Then, again, a direct calculation yields
〈ψ, /D∇˜eβψ〉 = 〈ψ, ∇˜eβ /Dψ︸︷︷︸
=0
〉+ 〈ψ, eα · RΣM(eα, eβ)ψ〉︸ ︷︷ ︸
= 1
2
〈ψ,Ric(eβ)·ψ〉=0
+〈ψ, eα · RN (dφ(eα), dφ(eβ))ψ〉
= −2〈R(φ,ψ), dφ(eβ )〉,
which completes the proof. 
Proposition 3.5. The quadratic differential T (z)dz2 is holomorphic.
Proof. This follows directly from the last Lemma. 
For the rest of this section we assume that the spinor ψ vanishes such that
we can draw a comparison with so-called magnetic geodesics, see for example
[22]. These are the lower-dimensional analogue of magnetic Dirac-harmonic
maps with vanishing spinors. It is known that magnetic geodesics have
constant energy. In the two-dimensional case we have a similar result, but
here we have to make curvature assumptions.
Lemma 3.6. Let (M,h) be a closed Riemann surface with RicM ≥ 0 and
suppose ψ = 0. Moreover, assume that the sectional curvature KN of the
target manifold N is non-positive, then a solution φ ∈ C2(M,N) of (2.1)
has constant energy.
Proof. Since ψ = 0, the map φ satisifes τ(φ) = Z((dφ)2(vol♯h)). Moreover,
we note that
〈∇eατ(φ), dφ(eα)〉 = 〈∇eαZ((dφ)2(vol♯h)), dφ(eα)〉
= −〈Z((dφ)2(vol♯h)), τ(φ)〉 = −|τ(φ)|2.
As a second step, we calculate
∆
1
2
|dφ|2 = |∇dφ|2 − 〈RN (dφ(eα), dφ(eβ))dφ(eα), dφ(eβ)〉
+〈dφ(RicM (eβ)), dφ(eβ)〉+ 〈∇eατ(φ), dφ(eα)〉
≥ |∇dφ|2 − |τ(φ)|2
≥ 0.
The statement then follows by application of the maximum principle. 
Corollary 3.7. Under the assumptions of the last Lemma, we also know
that any solution φ ∈ C2(M,N) of (2.1) is totally geodesic. This follows
from the fact that |dφ|2 is constant and thus |∇dφ| = 0.
For the further analysis it turns out to be useful to apply the Nash em-
bedding theorem to isometrically embed the manifold N in some Rq of
sufficiently high dimension. The Euler-Lagrange equations for magnetic
Dirac-harmonic maps then acquire the form
−∆φ = II(dφ, dφ) + Z((dφ)2(vol♯h)) + P (II(dφ(eα), eα · ψ), ψ), (3.3)
/∂ψ = II(eα · ψ, dφ(eα)), (3.4)
where II denotes the second fundamental form of φ in Rq and P the shape
operator. For a detailed derivation see [7] and [17]. Now, we have that
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φ : M → Rq with φ(x) ∈ N . The vector spinor ψ becomes a vector of
untwisted spinors ψ1, ψ2, . . . , ψq, more precisely ψ ∈ Γ(ΣM ⊗ TRq). The
condition that ψ is along the map φ is now encoded as
q∑
i=1
νiψi = 0 for any normal vector ν at φ(x).
Moreover, the vector bundle homomorphism Z can be extended to Rq by
parallel transport. We may now turn to the study of the analytic aspects of
magnetic Dirac-harmonic maps.
4. Analytic aspects of magnetic Dirac-harmonic maps
4.1. Regularity of magnetic Dirac-harmonic maps.
In this section we want to study the regularity of magnetic Dirac-harmonic
maps. The regularity question for the various limits of the energy functional
EB(φ,ψ) is already fully developed. For Dirac-harmonic maps, see [7], [28]
and [25]. On the other hand, for ψ = 0 the issue of regularity has been
analyzed extensively, see [13], [11], [3] and [15] p.187 ff.
First of all, we need the definition of a weak solution of (2.1) and (2.2).
Therefore, we define
χ(M,N) := {(φ,ψ) ∈W 1,2(M,N)×W 1, 43 (M,ΣM ⊗ φ−1TN)
with (3.3) and (3.4) a.e.}.
Definition 4.1 (Weak magnetic Dirac-harmonic Map). A pair (φ,ψ) ∈
χ(M,N) is called weak magnetic Dirac-harmonic map from M to N if and
only if the pair (φ,ψ) satisfies∫
M
(〈∇φ,∇ξ〉 − 〈II(dφ, dφ), ξ〉 + 〈P (II(dφ(eα), eα · ψ), ψ), ξ〉
+〈Z((dφ)2(vol♯h)), ξ〉)dM = 0,∫
M
(〈/∂ψ, η〉 − 〈II(eα · ψ, dφ(eα)), η〉)dM = 0
for all ξ ∈ C∞(M,Rq) and η ∈ C∞(M,ΣM ⊗ TRq).
In the upcoming analysis we will make use of the following powerful result
due to Rivie`re (see [20]):
Theorem 4.2. Let D be the unit disc in R2 and q ∈ N a fixed number.
Then for every A = Ai j, 1 ≤ i, j ≤ q in L2(D, so(q) ⊗ R2)(that is for all
i, j ∈ 1, . . . q, Ai j ∈ L2(D,R2) and Ai j = −Aji), every φ ∈ W 1,2(D,Rq)
solving
−∆φ = A · ∇φ (4.1)
is continuous. The notation should be understood as −∆φi =∑qj=1Ai j ·∇φj
for all 1 ≤ i ≤ q.
To apply the above Theorem to magnetic Dirac-harmonic maps, we have
to rewrite the Euler-Lagrange equations. Thus, let us fix the notation,
we follow the presentation in [28] for Dirac-harmonic maps. We need to
express all data in terms of the ambient space Rq. We denote coordinates
in the ambient space Rq by (y1, y2, . . . , yq). Let νl, l = n + 1, . . . , q be an
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orthonormal frame field for the normal bundle T⊥N . For X,Y ∈ TyN and
∇Y νk = Y i ∂νk∂yi we have
IIy(X,Y ) = 〈X,∇Y νl〉νl = XiY j
∂νil
∂yj
νl. (4.2)
Let D be a domain inM and consider a weak magnetic Dirac-harmonic map
(φ,ψ) ∈ χ(M,N). We choose local isothermal coordinates z = x + iy, set
e1 = ∂x, e2 = ∂y and use the notation φα = dφ(eα). Moreover, note that
φα ∈ TN and νl ∈ T⊥N , which implies that
φiαν
i
l = 0 (4.3)
for all α. Hence, we may write
IIm(φα, φα) = φ
i
αφ
j
α
(
∂νil
∂yj
νml −
∂νml
∂yj
νil
)
, m = 1, 2, . . . , q, (4.4)
where we used (4.3) in the second term on the right hand side. Following
[6], p.7, the term on the right hand side of (3.3) involving the shape operator
can also be written in a skew-symmetric way, namely
RePm(II(φα, eα · ψ), ψ) = (4.5)
φiα〈ψk, eα · ψj〉
((
∂νl
∂yj
)⊤,i( ∂νl
∂yk
)⊤,m
−
(
∂νl
∂yk
)⊤,i( ∂νl
∂yj
)⊤,m)
.
Here, ⊤ denotes the projection map ⊤ : Rq → TyN . Finally, we note that
Zm((dφ)2(vol♯h)) = Z
m(∂yi ∧ ∂yj )φixφjy.
By the definition of Z and exploiting the skew-symmetry of the three-form
Ω, we find (see also [20], p.13)
Zk(∂yi ∧ ∂yj ) = −Zi(∂yk ∧ ∂yj ). (4.6)
We are now in the position to show that magnetic Dirac-harmonic maps have
a structure such that Theorem 4.2 can be applied. Throughout the upcoming
calculation we will assume that both |Z|L∞ ≤ C and |∇Z|L∞ ≤ C.
Proposition 4.3. Let (M,h) be a closed Riemannian spin surface and let
N be a compact Riemannian manifold. Assume that (φ,ψ) ∈ χ(M,N) is a
weak solution of (3.3) and (3.4). Let D be a simply connected domain of
M . Then there exists Ai j ∈ L2(D, so(q)⊗ R2) such that
−∆φm = Ami · ∇φi (4.7)
holds.
Proof. By assumption N ⊂ Rq is compact, we denote its unit normal field
by νl, l = n + 1, . . . , q. Exploiting the skew-symmetry of (4.4), (4.5) and
(4.6), we denote
Ami =
(
fmi
gmi
)
, i,m = 1, 2, . . . , q
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with
fmi :=
(
∂νil
∂yj
νml −
∂νml
∂yj
νil
)
φjx + Z
m(∂yi ∧ ∂yj )φjy
+ 〈ψk, ∂x · ψj〉
((
∂νl
∂yj
)⊤,i( ∂νl
∂yk
)⊤,m
−
(
∂νl
∂yk
)⊤,i( ∂νl
∂yj
)⊤,m)
,
gmi :=
(
∂νil
∂yj
νml −
∂νml
∂yj
νil
)
φjy − Zm(∂yi ∧ ∂yj )φjx
+ 〈ψk, ∂y · ψj〉
((
∂νl
∂yj
)⊤,i( ∂νl
∂yk
)⊤,m
−
(
∂νl
∂yk
)⊤,i( ∂νl
∂yj
)⊤,m)
.
Now, we can write (3.3) in the following form
−∆φm = Ami · ∇φi.
It remains to show that Ami ∈ L2(D, so(q)⊗R2). This follows directly since
the pair (φ,ψ) is a weak solution of (3.3), (3.4) and the Sobolev embedding
|ψ|L4 ≤ C|ψ|
W
1, 4
3
. The skew-symmetry of Ami can be read of from its
definition and the properties of Z, see (4.6). 
Corollary 4.4. Let (M,h) be a closed Riemannian spin surface and let
N ⊂ Rq be a compact manifold. Suppose that (φ,ψ) ∈ χ(M,N) is a weak
magnetic Dirac-harmonic map. Then by the last Proposition and Theo-
rem 4.2, we may deduce that φm is continuous, m = 1, 2, . . . , q, hence
φ ∈ C0(M,N).
We are now in the position to apply the regularity theory developed for
Dirac-harmonic maps in [7]. Since φ is in C0(D,N) we may choose local
coordinates {yi} onN . In these coordinates equations (3.3) and (3.4) acquire
the form
∆φm = −Γmij (φ)φiαφjα +
1
2
Rmkjl(φ)〈ψk,∇φj · ψl〉 (4.8)
+Zm(φ)(∂yi ∧ ∂yj )φixφjy,
/∂ψm = −Γmij (φ)∇φj · ψi. (4.9)
As a next step we need two establish two auxiliary Lemmas. These are very
similar to Lemma 2.4 and Lemma 2.5 in [7]. Hence, we will not prove both
in full detail.
Lemma 4.5. Let the pair (φ,ψ) be a weak solution of (4.8) and (4.9). If
φ ∈ C0 ∩W 1,2(D,N), then for any ε > 0, there is a ρ > 0 such that∫
D(x1,ρ)
|∇φ|2η2 ≤ ε
∫
D(x1,ρ)
|∇η|2 +Cε
(∫
D(x1,ρ)
|ψ|4η4
) 1
2
, (4.10)
where D(x1, ρ) ⊂ D, η ∈ W 1,20 (D(x1, ρ),R) and C is a positive constant
independent of ε, ρ, φ and ψ.
Proof. Since φ ∈ C0(D,N) we may choose local coordinates and set
G(x, φ, dφ, ψ) := Γ(φ)(dφ, dφ)−Z(φ)((dφ)2(vol♯h))−
1
2
RN (φ)(eα·ψ,ψ)dφ(eα).
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Then the weak form of (4.8) is∫
D(x1,ρ)
〈∇φ,∇ξ〉 =
∫
D(x1,ρ)
〈G(x, φ, dφ, ψ), ξ〉 (4.11)
for any ξ ∈ W 1,2 ∩ L∞(D,Rq). Now choose ξ(x) = (φ(x) − φ(x1))η2, then
we get∫
D(x1,ρ)
〈∇φ,∇ξ〉 =
∫
D(x1,ρ)
|dφ|2η2 + 2
∫
D(x1,ρ)
η(φ(x) − φ(x1))〈∇φ,∇η〉.
(4.12)
On the other hand, we find∫
D(x1,ρ)
〈G(x, φ, dφ, ψ), ξ〉 (4.13)
=
∫
D(x1,ρ)
〈Γ(φ)(dφ, dφ) − Z(φ)((dφ)2(vol♯h))
− 1
2
RN (φ)(eα · ψ,ψ)dφ(eα), η2(φ(x)− φ(x1))〉
≤Cε1 sup
D(x1,ρ)
|φ(x)− φ(x1)|
∫
D(x1,ρ)
|dφ|2η2
+ C sup
D(x1,ρ)
|φ(x)− φ(x1)|
(∫
D(x1,ρ)
|dφ|2
) 1
2
(∫
D(x1,ρ)
|ψ|4η4
) 1
2
,
where ε1 > 0 is a given small number. We omitted some details in the
calculation, see the proof of Lemma 2.4 in [7]. In addition, we have
2
∫
D(x1,ρ)
η(φ(x)− φ(x1))〈∇φ,∇η〉 (4.14)
≤C sup
D(x1,ρ)
|φ(x) − φ(x1)|
∫
D(x1,ρ)
|dφ||∇η|η
≤1
2
∫
D(x1,ρ)
|dφ|2η2 + 8 sup
D(x1,ρ)
|φ(x)− φ(x1)|2
∫
D(x1,ρ)
|∇η|2.
Substituting (4.12), (4.13), (4.14) into (4.11) and choosing ρ small enough
then proves the Lemma. 
Lemma 4.6. Let φ ∈ C0 ∩W 1,4(D(x0, R), N) and suppose that (φ,ψ) is a
weak solution of (4.8) and (4.9). Then for R sufficiently small, we have
|∇2φ|L2(D(x0),R2 ) + |dφ|
2
L4((D(x0),
R
2
)
≤ C1|dφ|2L2(D(x0,R)), (4.15)
where C1 is a positive constant depending on |φ|C0(D,N) and R.
Proof. We denote B := D(x0, R). For any ζ ∈W 1,20 (B,Rq) we have∫
B
〈∇φ,∇ζ〉 = −
∫
B
〈∆φ, ζ〉 =
∫
B
〈G(x, φ, dφ, ψ), ζ〉. (4.16)
Choosing ζ = ∇γ(ξ2∇γφ), where ξ ∈ C∞ ∩W 1,20 (B,R) is to be determined
later, a direct calculation yields∫
B
〈∇γ(∇βφ),∇β(ξ2∇γφ)〉 =
∫
B
〈∇G,∇φ〉ξ2. (4.17)
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Moreover, note that
〈∇γ(∇βφ),∇β(ξ2∇γφ)〉 = |∇γ∇βφ|2ξ2 + 〈∇γ∇βφ,∇γφ〉∇βξ2
≥ |∇2φ|ξ2 − 2|∇2φ||dφ||ξ∇ξ| (4.18)
and
|〈∇G,∇φ〉| ≤ C(|dφ|4 + |∇2φ||dφ|2 + |ψ||∇ψ||dφ|2 (4.19)
+|dφ|3|ψ|2 + |∇2φ||dφ||ψ|2).
Substituting (4.18) and (4.19) into (4.17) leads to the following inequality∫
B
|∇2φ|ξ2 ≤C
(∫
B
|∇2φ||dφ||ξ∇ξ| +
∫
B
|∇2φ||dφ|2ξ2 +
∫
B
|dφ|4ξ2
+
∫
B
|ψ||∇ψ||dφ|2ξ2 +
∫
B
|dφ|3|ψ|2ξ2 +
∫
B
|∇2φ||dφ||ψ|2ξ2
)
:= I + II + III + IV + V + V I. (4.20)
The first two terms I and II can easily be estimated as
C
∫
B
|∇2φ||dφ||ξ∇ξ| ≤ Cδ1
∫
B
|∇2φ|ξ2 + C
δ1
∫
B
|dφ|2|∇ξ|2,
C
∫
B
|∇2φ||dφ|2ξ2 ≤ Cδ1
∫
B
|∇2φ|ξ2 + C
δ1
∫
B
|dφ|4ξ2,
where δ1 > 0 is a small constant. The term III already has the shape that
we need. The last three contributions IV, V, V I can be estimated the same
way as in the proof of Lemma 2.5 in [7] leading to
IV ≤ 1
8
∫
B
|∇2φ|ξ2 + 1
8
∫
B
|dφ|2|∇ξ|2,
V ≤ 1
8
∫
B
|∇2φ|ξ2 + 1
8
∫
B
|dφ|2|∇ξ|2 + C
∫
B
|dφ|4ξ2,
V I ≤ 1
8
∫
B
|∇2φ|ξ2 + 1
8
∫
B
|dφ|2|∇ξ|2,
where we applied a local estimate for the spinor ψ derived in [7]. Applying
these estimates, we find∫
D(x0,R)
|∇2φ|2ξ2 ≤ C
(∫
D(x0,R)
|dφ|2|∇ξ|2 +
∫
D(x0,R)
|dφ|4ξ2
)
. (4.21)
Now, for ε > 0, let ρ > 0 be as in Lemma 4.5. Suppose that D(x1, ρ) ⊂
D(x0, R) and choose a cut-off function ξ ∈ C∞0 (D(x1, ρ)), 0 ≤ ξ ≤ 1 such
that
ξ = 1 in D(x1,
ρ
2
), |∇ξ| ≤ C
ρ
in D(x1, ρ).
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For simplicity, we denote Dρ := D(x1, ρ) and calculate∫
Dρ
|dφ|4ξ2 =
∫
Dρ
|dφ|2(|dφ|ξ)2
≤ ε
∫
Dρ
|∇(|dφ|ξ)|2 + Cε
(∫
Dρ
|ψ|4|dφ|4ξ4
) 1
2
by Lemma 4.5
≤ ε
∫
Dρ
|∇2φ|2ξ2 + ε
∫
Dρ
|dφ|2|∇ξ|2 + Cε
(∫
Dρ
|ψ|4|dφ|4ξ4
)1
2
.
(4.22)
As a next step we state an inequality for solutions of (4.9), which was derived
in the proof of Lemma 2.5 in [7](∫
Dρ
|ψ|4|dφ|4ξ4
) 1
2
≤ C
(∫
Dρ
|ψ|4
) 1
2
(∫
Dρ
|∇2φ|2ξ2 +
∫
Dρ
|dφ|2|∇ξ|2
)
.
Using this estimate and choosing ρ such that |ψ|2
L4(Dρ)
is small enough,
combining (4.21) and (4.22), we find∫
Dρ
|∇2φ|2ξ2 ≤ C
∫
Dρ
|dφ|2|∇ξ|2
and thus ∫
D(x1,
ρ
2
)
|∇2φ|2 ≤ C
ρ2
∫
D(x1,ρ)
|dφ|2. (4.23)
Covering D(x0,
R
2 ) with {D(x1, ρ2 )} together with (4.23) gives the result. 
As for Dirac-harmonic maps [7], we may thus follow:
Theorem 4.7. Let (M,h) be a closed Riemann spin surface. Suppose that
the pair (φ,ψ) : (D, δαβ)→ (N, gij) is a weak magnetic Dirac-harmonic map.
If φ is continuous, then the pair (φ,ψ) is smooth.
Proof. First of all, we note that φ ∈W 2,2∩W 1,4(D(x0, R2 ), N). This can be
achieved by replacing weak derivatives by difference quotients in the proof
of Lemma 4.5.
We may now establish the regularity of solutions of (4.8) and (4.9). Since
φ ∈ W 2,2, we have by the Sobolev embedding theorem that φ ∈ W 1,p for
any p > 0. Hence, the right hand side of (4.9) is bounded in Lp with p > 2.
Again, by the Sobolev embedding theorem we find that ψ ∈ C0,γ for some
γ > 0. By elliptic estimates applied to (4.8) we deduce that φ ∈ W 2,p for
any p > 2 and thus φ ∈ C1,α for 0 < α < 1. Using elliptic estimates for
(4.9) we may follow that ψ ∈ C1,γ. By a standard bootstrap argument we
then get that (φ,ψ) is smooth. 
We may summarize our considerations:
Corollary 4.8. Let (M,h) be a closed Riemannian spin surface. Suppose
that the pair (φ,ψ) ∈ χ(M,N) is a weak magnetic Dirac-harmonic map from
M to a compact Riemannian manifold N . Then φ is continuous and thus
the pair (φ,ψ) is smooth.
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Remark 4.9. By adjusting the regularity theory for Dirac-harmonic maps
derived in [25] one may also establish the regularity of magnetic Dirac-
harmonic maps.
4.2. Removable Singularity Theorem.
In this section we want to establish a removable singularity theorem for
solutions of (2.1) and (2.2). It is well known that such a theorem holds in
the limiting cases ψ = 0 [14], B = 0 [8] and ψ = 0, B = 0 [21]. Our aim is
to show that the theorem is still true for both ψ 6= 0 and B 6= 0. To this
end, we adapt the methods provided for Dirac-harmonic maps in [8] to the
framework of magnetic Dirac-harmonic maps.
Let us define the following “energy”, which is the crucial quantity in the
context of removable singularities.
Definition 4.10. Let U be a domain on M . We define the energy of the
pair (φ,ψ) on U by
E(φ,ψ,U) :=
∫
U
(|dφ|2 + |ψ|4). (4.24)
This energy is conformally invariant and thus plays an important role. As a
next step we want to analyze the local behaviour of magnetic Dirac-harmonic
maps similar to Theorem 4.3 in [8]. Note that on the unit disc D the usual
Dirac operator satisfies the equation /∂
2
= −∆.
Theorem 4.11. Let (M,h) be a closed Riemannian spin surface and (N, g)
a compact Riemannian manifold. Assume that the pair (φ,ψ) is a magnetic
Dirac-harmonic map. There is a small constant ε > 0 such that if the pair
(φ,ψ) satisfies ∫
D
(|dφ|2 + |ψ|4) < ε, (4.25)
then
|dφ|Ck(D 1
2
) + |ψ|Ck(D 1
2
) ≤ C(|dφ|L2(D) + |ψ|L4(D)), (4.26)
where the constant C depends on |Z|L∞ , N and k.
Proof. Suppose that D 1
2
⊂ D2 ⊂ D1 ⊂ D. We choose a cut-off function
η : 0 ≤ η ≤ 1 with η|D1 = 1 and supp η ⊂ D. By equation (3.3) we have
|∆(ηφ)| ≤c1(|φ|+ |dφ|) + (|II|L∞ + |Z|L∞)|dφ||d(ηφ)| + |φdη|
+ c3
∣∣η|dφ||ψ|2∣∣
≤c1(|φ|+ |dφ|) + c2|dφ||d(ηφ)| + c3
∣∣η|dφ||ψ|2∣∣,
where we set c2 := |II|L∞ + |Z|L∞ . Thus, we find
|∆(ηφ)|
L
4
3
≤ c2
∣∣|dφ||d(ηφ)|∣∣
L
4
3
+ c1|φ|
W
1, 4
3
+ c3
∣∣η|dφ||ψ|2∣∣
L
4
3
.
Without loss of generality we assume
∫
D
φ = 0 such that |φ|W 1,p ≤ C|dφ|Lp
for any p > 0. Moreover, we have by Ho¨lder’s inequality∣∣|dφ||d(ηφ)|∣∣
L
4
3
≤ |ηφ|W 1,4 |dφ|L2
such that we may conclude
|ηφ|
W
2, 4
3
≤ C(c2|ηφ|W 1,4 |dφ|L2 + |dφ|
L
4
3
+
∣∣η|dφ||ψ|2∣∣
L
4
3
).
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By the Sobolev embedding theorem we find |ηφ|W 1,4 ≤ c4|ηφ|
W 2,
4
3
and we
may follow
(c−14 − Cc2|dφ|L2)|ηφ|W 1,4 ≤ C(|dφ|L 43 +
∣∣η|dφ||ψ|2∣∣
L
4
3
). (4.27)
Regarding the last term in (4.27) we note that∣∣η|dφ||ψ|2∣∣
L
4
3
≤ |ψ|2L4 |ηφ|W 1,4 + |ψ|2L4 .
Applying this estimate and choosing ε small enough, (4.27) gives
|ηφ|W 1,4 ≤ C(|dφ|
L
4
3
+
√
ε|ηφ|W 1,4 + |ψ|2L4),
which can be rearranged as
|ηφ|W 1,4 ≤ C(|dφ|
L
4
3
+ |ψ|2L4) ≤
√
εC.
Finally, we may deduce that for some ε > 0 using the properties of η
|dφ|L4(D1) ≤ C(D1)(|dφ|L2(D) + |ψ|2L4(D)) ∀D1 ⊂ D (4.28)
holds.
To establish an estimate for the spinor ψ, we again choose a cut-off function
η satisfying 0 ≤ η ≤ 1 with η|D2 = 1 and supp η ⊂ D. Consider the spinor
ξ := ηψ and, using (3.4), we calculate
/∂(ηψ) = η/∂ψ +∇η · ψ = ηII(dφ(eα), eα · ψ) +∇η · ψ.
Hence, we have
|ξ|W 1,q(D) ≤ C(
∣∣|dφ||ηψ|∣∣
Lq(D)
+ |ψ|Lq(D))
and by Ho¨lder’s inequality we can estimate∣∣|dφ||ηψ|∣∣
Lq(D)
≤ |dφ|L2(D)|ηψ|Lq∗ (D)
with the conjugate Sobolev index q∗ = 2q2−q . By the Sobolev embedding
theorem we may then follow
|ξ|Lq∗ (D) ≤ C(|dφ|L2(D)|ξ|Lq∗ (D) + |ψ|Lq(D)). (4.29)
Thus, if the energy |dφ|L2(D) is small enough, we have
|ξ|Lq∗ (D) ≤ C|ψ|Lq(D).
At this point for any p > 1 one can always find some q < 2 such that p = q∗,
giving
|ψ|Lq(D2) ≤ C(D2)|ψ|L4(D) ∀q > 1, D2 ⊂ D1 ⊂ D, (4.30)
where we again assumed that ε is small.
Combining (4.28), (4.30) and for ε small enough, we get
|dφ|L4(D2) ≤ C(D2)|dφ|L2(D) ∀D2 ⊂ D1 ⊂ D. (4.31)
The assertion then follows from an iteration of the procedure presented
above, for more details see the proof of Theorem 3.1 in [7]. 
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A phenomenon connected to harmonic maps from surfaces is the so-called
bubbling. Such a bubble arises if one performs a blowup analysis of a se-
quence of harmonic maps and we have something similar for magnetic Dirac-
harmonic maps. More precisely, a bubble is a solution of (2.1) and (2.2) with
finite energy. Due to the conformal invariance of magnetic Dirac-harmonic
maps such a solution can be interpreted as a magnetic Dirac-harmonic map
from S2 \ {p} → N with finite energy. As a next step we prove how such
a singularity can be removed by exploiting the conformal invariance of our
problem.
The behaviour of the pair (φ,ψ) near a singularity can be described by the
following
Corollary 4.12. There is an ε > 0 small enough such that if the pair
(φ,ψ) is a smooth solution of (2.1) and (2.2) on D \ {0} with finite energy
E(φ,ψ,D) < ε, then for any x ∈ D 1
2
we have
|dφ(x)||x| ≤ C
(∫
D(2|x|)
|dφ|2
) 1
2
, (4.32)
|ψ(x)||x| 12 + |∇ψ(x)||x| 32 ≤ C
(∫
D(2|x|)
|ψ|4
) 1
4
. (4.33)
Proof. Fix any x0 ∈ D \ {0} and define (φ˜, ψ˜) by
φ˜(x) := φ(x0 + |x0|x) and ψ˜(x) := |x0|
1
2ψ(x0 + |x0|x).
It is easy to see that (φ˜, ψ˜) is a smooth solution of (2.1) and (2.2) on D with
E(φ˜, ψ˜,D) < ε. By application of Theorem 4.11, we have
|dφ˜|L∞(D 1
2
) ≤ C|dφ˜|L2(D),
|ψ˜|C1(D 1
2
) ≤ C|ψ˜|L4(D)
and scaling back yields the assertion. 
Lemma 4.13. Let (φ,ψ) be a smooth solution of (2.1) and (2.2) on D \{0}
with E(φ,ψ,D) < ε. Then, we have∫ 2π
0
1
r2
∣∣∂φ
∂θ
∣∣2dθ = ∫ 2π
0
∣∣∂φ
∂r
∣∣2dθ + ∫ 2π
0
〈ψ, ∂r · ∇˜ψ
∂r
〉dθ
=
∫ 2π
0
∣∣∂φ
∂r
∣∣2dθ − ∫ 2π
0
1
r2
〈ψ, ∂θ · ∇˜ψ
∂θ
〉dθ, (4.34)
where (r, θ) are polar coordinates in D centered at 0.
Proof. Applying the previous Corollary, it can be shown that |T (z)| ≤ Cz−2,
where T (z) is the Hopf differential defined in (3.1). Moreover, it follows that∫
D
|T (z)| <∞, hence zT (z) is a holomorphic function on D. The claim then
follows from Cauchy’s integral theorem
0 =
∫
|z|=r
Im(zT (z))dz =
∫ 2π
0
Re(z2T (z))dθ
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and changing to polar coordinates. For more details see the proof of Lemma
4.5 in [8]. 
Additionally, by integration the last Lemma also gives∫
D
∣∣∂φ
∂r
∣∣2 − ∫
D
1
r2
∣∣∂φ
∂θ
∣∣2 = − ∫
D
〈ψ, ∂r · ∇˜ψ
∂r
〉 := I. (4.35)
For the Dirichlet energy in polar coordinates, we have
Er(φ) :=
∫
|z|=r
|dφ|2 =
∫
|z|=r
∣∣∂φ
∂r
∣∣2 + ∫
|z|=r
1
r2
∣∣∂φ
∂θ
∣∣2.
Set Ir(ψ) = −
∫
|z|=r〈ψ, ∂r · ∇˜ψ∂r 〉, then we get∫
|z|=r
∣∣∂φ
∂r
∣∣2 = 1
2
Er(φ) +
1
2
Ir(ψ), (4.36)∫
|z|=r
1
r2
∣∣∂φ
∂θ
∣∣2 = 1
2
Er(φ)− 1
2
Ir(ψ). (4.37)
Before we turn to the removable singularity theorem, let us state an auxiliary
Lemma 4.14 (Elliptic estimate with boundary). Suppose that ψ is a solu-
tion of
/∂ψ = f on D, (4.38)
ψ = g on ∂D.
Assume that f ∈ Lp(D,ΣM) and g ∈ W 1,p(∂D,ΣM) for some p > 1, then
the following estimate holds
|ψ|W 1,p(D) ≤ C(|g|W 1,p(∂D) + |f |Lp(D)), (4.39)
with the positive constant C = C(p).
A proof can be found in [9], Lemma 2.2.
Now we are in the position to state the
Theorem 4.15 (Removable Singularity Theorem). Let (φ,ψ) be a solution
of (2.1) and (2.2), which is smooth on U \{p} for some p ∈ U . If (φ,ψ) has
finite energy, then (φ,ψ) extends to a smooth solution on U .
Proof. By rescaling we may assume that∫
D(2)
(|dφ|2 + |ψ|4) < ε,
where ε is given by Theorem 4.11. We will approximate φ by a function
q = q(r) that depends only on the radial coordinate and which is piecewise
linear in log r. For m ≥ 1 set
q(2−m) =
1
2pi
∫ 2π
0
φ(2−m, θ)dθ.
Then q is harmonic for r ∈ (2−m, 2−m+1),m ≥ 1, see for example [19], p.130.
Moreover, we have∫
D
|dq − dφ|2 =
∫
r=1
〈q − φ, ∂φ
∂r
〉 −
∫
D
〈q − φ,∆(q − φ)〉 (4.40)
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and
|q − φ|L∞ := |q − φ|C0(D) ≤ 23
√
ε. (4.41)
Using (3.3), we may then estimate∣∣∣∣
∫
D
〈∆φ, φ− q〉
∣∣∣∣ ≤ (|II|L∞ + |Z|L∞)|φ− q|L∞(D)
∫
D
|dφ|2
+C|φ− q|L∞(D)
∫
D
|ψ|2|dφ|
≤ δ
∫
D
|dφ|2 + C√ε
∫
D
|ψ|2|dφ|. (4.42)
with 23
√
ε(|IIL∞ |+ |Z|L∞) ≤ δ. We may estimate the first term on the right
hand side of (4.40) as∫
r=1
〈q − φ, ∂φ
∂r
〉 ≤
(∫
r=1
∣∣∂φ
∂θ
∣∣2)12(∫
r=1
∣∣∂φ
∂r
∣∣2) 12 . (4.43)
By Lemma 4.13 and the fact that the function q does not depend on θ, we
find
1
2
∫
D1
|dφ|2 − 1
2
I =
∫
D1
1
r2
∣∣∂φ
∂θ
∣∣2 ≤ ∫
D1
|d(φ− q)|2. (4.44)
Inserting (4.42), (4.43) and (4.44) into (4.40) then yields
1
2
∫
D1
|dφ|2 − 1
2
I ≤
(∫
r=1
∣∣∂φ
∂θ
∣∣2) 12(∫
r=1
∣∣∂φ
∂r
∣∣2) 12 (4.45)
+δ
∫
D
|dφ|2 + C√ε
∫
D
|ψ|2|dφ|.
By (4.36) and (4.37) we find(∫
r=1
∣∣∂φ
∂θ
∣∣2)12(∫
r=1
∣∣∂φ
∂r
∣∣2) 12 = 1
2
(E1 − I1)
1
2 (E1 + I1)
1
2
≤ 1
2
E1 =
1
2
∫
r=1
|dφ|2
and it follows that
(1− 2δ)
∫
D
|dφ|2 ≤
∫
r=1
|dφ|2+2C√ε
∫
D
|ψ|2|dφ| −
∫
D
〈ψ, ∂r · ∇
∂r
ψ〉. (4.46)
By rescaling and some manipulations on the right hand side, we arrive at
(1− 2δ)
∫
Dr
|dφ|2 ≤ r
∫
∂Dr
|dφ|2 (4.47)
+C
(√
ε
∫
Dr
|dφ|2 +
∫
Dr
|ψ|4 +
∫
Dr
|∇ψ| 43 ).
Our next aim is to estimate all contributions on the right hand side in terms
of integrals over the boundary ∂Dr. To this end, we apply Lemma 4.14 to
the Euler-Lagrange equation (3.4) for ψ. Thus, we find
|ψ|
W 1,
4
3 (D)
≤ C(∣∣|dφ||ψ|∣∣
L
4
3 (D)
+ |ψ|
W 1,
4
3 (∂D)
)
≤ C(|dφ|L2(D)|ψ|L4(D) + |ψ|
W 1,
4
3 (∂D)
)
.
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By the Sobolev embedding theorem and the smallness of |dφ|L2(D) we can
achieve that
|ψ|L4(D) ≤ C
(|∇ψ|
L
4
3 (∂D)
+ |ψ|L4(∂D)
)
.
By rescaling, we have for 0 < r ≤ 1∫
Dr
|ψ|4 ≤ Cr
∫
∂Dr
|∇ψ| 43 + Cr
∫
∂Dr
|ψ|4. (4.48)
By the same methods one can derive
|∇ψ|
L
4
3 (D)
≤ C(|dφ|L2(D)|ψ|L4(D) + |ψ|
W
1, 4
3 (∂D)
)
and again by the smallness of |dφ|L2(D) and a scaling argument we find∫
Dr
|∇ψ| 43 ≤ C√ε
∫
Dr
|ψ|4 + Cr
∫
∂Dr
|∇ψ| 43 + Cr
∫
∂Dr
|ψ|4. (4.49)
Combining (4.47), (4.48) and (4.49), we have for any 0 < r ≤ 1 and some
constant C > 0∫
Dr
|dφ|2 +
∫
Dr
|ψ|4 +
∫
Dr
|∇ψ| 43 (4.50)
≤ Cr( ∫
∂Dr
|dφ|2 +
∫
∂Dr
|ψ|4 +
∫
∂Dr
|∇ψ| 43 ).
Setting F (r) :=
∫
Dr
|dφ|2 + ∫
Dr
|ψ|4 + ∫
Dr
|∇ψ| 43 , we obtain
F (r) ≤ CrF ′(r), (4.51)
which can be integrated as
F (r) ≤ F (1)r 1C . (4.52)
Hence, there are some a > 1 and 2 > b > 43 such that
φ ∈W 1,2a(D,Rq), ψ ∈W 1,b(D,ΣM ⊗ TRq) (4.53)
holds. By applying an iterated bootstrap procedure one can now show that
the pair (φ,ψ) is smooth on D. For more details, see the proof of Theorem
4.6 in [8]. 
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